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Abstract—This paper addresses modeling and control of a sixdegree-of-freedom unmanned aerial vehicle capable of vertical
take-off and landing in the presence of wind disturbances. We
design a hybrid vehicle that combines the benefits of both the
fixed-wing and the rotary-wing UAVs. A non-linear model for the
hybrid vehicle is rapidly built, combining rigid body dynamics,
aerodynamics of wing, and dynamics of the motor and propeller.
Further, we design an H2 optimal controller to make the UAV
robust to wind disturbances. We compare its results against that
of PID and LQR-based control. Our proposed controller results
in better performance in terms of root mean squared errors and
time responses during two scenarios: hover and level-flight.
Index Terms—Hybrid UAVs, VTOL, Aircraft Modeling, H2
Optimal Control, Wind Disturbances

I. I NTRODUCTION

U

NMANNED aerial vehicles (UAVs) have proved useful
for both civil and military purposes [1]. Their popularity
is increasing in applications such as surveillance, search and
rescue operations, inspections, security, aerial photograph and
video, mapping, and cargo system management [2]–[4].
Researchers and tech companies are developing different
UASs to serve different purposes [5], [6]. We divide UAVs into
two categories on the basis of their configurations: the rotarywing UASs and the fixed-wing UASs. Rotary wing UAVs can
take-off,land vertically, and hover at one position [7]. While
they need a small space for takeoff and landing, these UAVs
can neither move fast nor fly long distances since they are not
energy efficient. Compared to them, a fixed-wing of UAV is
more power-efficient, hence it can fly for a longer duration
of time and for further distance [8]. Despite these advantages,
fixed-wing UAVs cannot take-off and land in small spaces
because they need a runway to do so. Our proposed hybrid
design aims to combine the advantages of the rotary-wing and
the fixed-wing design.
There are several hybrid UAV concepts [9] such as a the dual
system (combining fixed wing and rotary-wing), the tail-sitter,
and the tilt-rotor. We classify these concepts according to their
thrust direction. The simplest structure involves a dual system,
which is a combination of two thrust directions: vertical and
forward. In the tail sitter case, the heading of the vehicle is
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same as that of the thrust direction. A tail sitter vehicle takes
off vertically and then rotates pitch angle of body for the level
flight. Unlike the tail-sitter type, in a tilt rotor/wing type of
vehicle, it is the actuators that control the thrust direction. It
takes-off, tilts the wing or rotor direction for level flight [10],
[11], and lands vertically. For our research, we focus on the
dual system type of UAV shown in Fig. 1. This is because the
vehicle is mechanically simpler than the other hybrid UAVs
and has the capability for VTOL and level flight. This UAV
can take-off and land in smaller areas while having a large
range of operation.
For the modeling of our hybrid UAV, we start with a
conceptual design that satisfies our preliminary requirements.
First, we calculate the forces and moments coefficients on
the wing using the vortex lattice method (VLM). After this
aerodynamic analysis, we move on to the propulsion system.
Here, we experimentally gather data on the thrust and torque
from motor-propeller pair and generate a lookup table for
our final model. Next, we formulate the equations of motions
based on rigid body dynamics. We use the detailed 3D model
of our vehicle which includes properties like mass and inertia
to complete our modeling. To perform simulations on this
rigid body, we import the CAD (Computer Aided Design)
model and lookup tables generated during propulsion analysis
to SimScape [12]. We exploit the built-in functionality of
SimScape to import 3D design parameters and experimental
data into the dynamic model of our UAV.
For UAV control, we mostly use the PID control method
because of its ease of implementation [13]–[15]. However,
tuning PID gains to achieve the desired performance is a fairly
challenging problem. Experimental methods involving trial
and error are used to tune these gains [16], [17]. Thus, when
UAVs encounter multiple uncertain stimuli such as wind gust,
actuator noise, or just modeling errors, the controller may not
work properly. Therefore, we need a more robust controller.
Researchers have developed adaptive control algorithms using
model identification to handle uncertainties in the inertia and
motor failure scenario [18], [19]. They have also applied the
robust control methods to handle the uncertainty in the system
parameters like mass, inertia [20], and actuator characteristics
[21]. However, there is little or no work on controller to reject
wind disturbances with H2 control. Therefore, in this research,
we focus on a robust optimal control of our hybrid UAV, which
can reject wind disturbance.
The paper is organized as follows. In section §II, we
present modeling of our proposed hybrid UAV. Here, wing and
thrust dynamics are presented in detail. This is followed by
the control algorithms, i.e. PID, Linear Quadratic Regulator

(LQR), and H2 control in section §III. In section §IV, we
introduce the simulation setup and show the results, followed
by conclusions.
II. M ODELING OF THE H YBRID UAV
In this paper, we consider both fixed and rotary wing
dynamics for our hybrid UAV. We choose the flying wing
shape, which does not have a tail wing as shown in Fig. 1.
In this section, we are going to first discuss its design (its
payload and flight characteristics), followed by its non-linear
dynamics. A linearized dynamics model is also developed at
the end of this section.

For other payloads, we place the flight controller over the
CG of the vehicle. The flight controller consists of an IMU (Inertial Measurement Unit) with integrated 3 axes accelerometer
and gyroscope to measure accelerations and angular velocities.
A telemetry radio for communication, RC receivers for manual
controls, and a 6-cell LIPO battery for the power supply
are placed in the vehicle. To ensure both hover flight and
level flight, four propellers with a diameter of 9 inch and
one propeller with a diameter 12 inch are chosen, which
are rotated by 1100 (kv) brush-less-electric motors. In the
following subsection, we are going to first develop the rigidbody dynamics followed by modeling the wing dynamics and
the thrust dynamics, which are then all combined to generate
the full non-linear model for our proposed UAV.

A. Aircraft Design
Aircraft design is based on the desired capabilities we specify for our vehicle. Our aim is to develop a hybrid UAV which
combines the advantages of both fixed wing and rotary wing
type UAVs. The desired capabilities of the vehicle are set for
a multi-functional application and are listed in Table I. They
encompass that which is required broadly for applications such
as drone deliveries, air surveillance and aerial photography,
etc. We start with an initial configuration. This configuration

Wing span (b)

TABLE II
W ING CONFIGURATION
120 cm
Wing area (S)

Root chord (Cr )

28 cm

Tip chord (Ct )

15 cm

Sweep angle

25

Mean Aerodynamics Chord

◦

3360 cm2
21.2 cm

XCG

15 cm

Height of winglet

15 cm2

B. Rigid body dynamics modeling
TABLE I
V EHICLE DESIRED CAPABILITIES
Type of operation
VTOL
Growth weight

3.2 kg

Flight time

30 min

Range

3 km

Level flight speed

22 m/s

Flight control

Auto Flight

is able to sustain level flight, desired range, and satisfy payload
characteristics. The final design of our UAV is selected after
aerodynamic analysis of the initial configuration and through
successive iterations of analysis.
Aerodynamic stability analysis of the initial hybrid UAV
configuration is an important step. We used a numerical
method called Vortex lattice method (VLM). This is a
university-level technique used in computational fluid dynamics, which aids in the early stages of aircraft design. In this
work, AVL (Athena Vortex Lattice) [22], [23] and XFLR5 [24]
softwares are used to implement VLM. This numerical method
models a wing, the primary lifting surface, as an unbounded
thin sheet of discrete vortices and calculates the induced
drag and lift coefficients. It is also capable of calculating
the air profile around an arbitrary wing with its rudimentary
configuration alone.
For our UAV, we create batch codes and check the stability
of our preliminary designs, followed by calculating forces and
moments coefficients. One can see in Fig. 1 that our UAV
does not have a tail wing, for the ease of manufacturing.
Hence, achieving longitudinal stability turns out to be the most
challenging aspect of our design iterations. To address this
problem, we select the re-flexed airfoil, Martin Hepperle (MH)
45 [25] and place the center of gravity (CG) in front of the
neutral point (NP). The optimal CG point is finally fixed. The
corresponding level flight speed characteristics are shown in
Table II.

We used Newton-Euler equations to develop the rigid body
dynamics of the UAV. The 6-DoF dynamic model is shown in
Fig. 1 with the inertial frame (Ix , Iy , Iz ) and body frame (Bx ,
By , Bz ) which follow the North-East-Down (NED) coordinate
system. φ, θ, ψ are the Euler angles in the inertial frame, and

Fig. 1. Hybrid UAV configuration

p, q, r are angular velocities in the body frame about each axis.
These 6 variables are the states for the rotational motion of the
UAV. Similarly, x, y, z are the position in the inertial frame,
and u, v, w are velocities in the body frame about each axis.
These 6 variables are states for translational motion. Hence a
total of 12 states of the vehicle dynamics are defined as
x := [x y z u v w φ θ ψ p q r]T .
C. Wing dynamics modeling
The VLM is used to generate the aerodynamic coefficient
of the wing body. The vortex lattice methods are based on
solutions to Laplaces Equation. Although VLM is a classical

method in computational fluid dynamics, it can derive quite
accurate results of aerodynamics for 3D Lifting surface, especially, in subsonic flow which we are concerning for modeling
[26]. The VLM calculations are mainly processed with the
boundary condition and Kutta-Joukowski theorem [27]. The
wing is discretized to small panels as Fig. 2. Vortices are
placed on each panel and the corresponding strength Γi is
obtained to satisfy the boundary condition theorem. Finally,
forces and moments are computed by the Kutta-Joukowski
theorem, which are presented as
Li = ρV∞ × Γi ∆bi
L=

N
X

Li

(Lift of the panel i),

(1a)

(Lift of the Wing)

(1b)

i=1

Di = ρV∞ × Γi ∆bi
D=

N
X

Di

(Drag of the panel i),

D. Thrust dynamic modeling
Since the hybrid UAV is intended to perform level flights,
free stream velocity should be considered when the thrust and
torque of propellers are derived. Conventionally, DC motor
parameter identification and blade element theory [28] are
applied to get dynamic model. However, for more accurate
modeling, we use the experimental method to derive brushless
DC motor and propellers performance data, wind tunel test
data [29], and generate lookup tables. The result of experiment
on brushless DC motor with varying pulse width modulation
(PWM) signal input is shown in Fig. 4. The results of thrust
and torque from the propeller 12 × 6 SF (Slow Flight) that
depend on wind velocity acting on the wing (free stream
velocity) and RPM of motor are shown in Fig 5.

(1c)

(Drag of the Wing)

(1d)

i=1

where, ρ is the air density, V∞ is the free stream velocity, Γi is
the vortex strength in panel i, and b is the length of the vortex
segment along the quarter-chord line. The AVL software is

Fig. 4. The motor RPM result from the experiment with motor
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Fig. 2. The vortex lattice method panel
Thrust (N)

40

used to obtain the aerodynamic variables of the wing. The
result sets, which depend on seven input variables, are made
up of a look-up table. The seven input factors are as follows:
angle of attack, side slip angle, roll/pitch/yaw rate, elevator,
and aileron deflection angle. One of the aerodynamic results
from AVL is shown in Fig. 3. The resulting coefficients are
then used to calculate the forces and moments for each body
axis using
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Fig. 5. The propeller thrust from the propeller performance data

Fx = q∞ SCFy , Fy = q∞ SCFy , Fz = q∞ SCFz , (2a)
Mx = q∞ SCMx , My = q∞ SCMy , Mz = q∞ SCMz , (2b)
where q∞ the dynamic pressure is q∞ =
0.1
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E. Final non-linear model
Our hybrid vehicle is developed as a 3D model using CAD.
This 3D model which include mass, inertia, and coordinate information is imported to Simscape software in Simulink [12].
The final non-linear 3D model is constructed by combining
wing, motor, and propeller dynamics which are previously
discussed as shown in Fig. 6. This is the rapid modeling
representing the equations of motion of UAVs.

10

AoA (degree)

Fig. 3. Aerodynamic coefficient CZ and MY : angle of attack varies from
0 to 10 ◦ .

F. Linearized model
We linearize the non-linear model of our hybrid UAV. Our
aim is to design the controller for the attitude control during

Fig. 6. 6-DOF non-linear simulation of the hybrid UAV

level flight and during hovering. The following linear model
is used in designing a H2 optimal control to make the system
robust to wind gusts. Since we are only interested in attitude
control, we consider the corresponding state space [θ u w q]T
for level flight (Longitudinal motion) and [φ θ ψ p q r]T for
hover flight. We calculate the linearized dynamics separately
for level flight and hovering. For level flight, trim states are:
p = q = r = 0,

V∞ = 22.49m/s,

u = v = w = 0.

(4)

The linearized error dynamics about the trim points are modeled as
ẋ(t) = Ax(t) + B u u(t) + B w w(t),

(5a)

y(t) = Cx(t),

(5b)

with states x := [δθ δu δw δq]T for level flight and x :=
[δφ δθ δψ δp δq δr]T for hovering, which are perturbations
on states about trim point. The system matrices for level flight
are
0 0

 0 
0
1
0 0.0002 −0.0235 −0.1360
0.0009
A = 0 0.0011 −0.1793 20.4845 , B u = −0.0407
,
Bw =

−0.6544

0 0.0135 −2.1745 −3.2657
T
[ 0 0 0 1 ] , C = I4×4 ,

(6)

where u is elevon deflection (δe ). And for hover flight
"
#
03×4
h
i
03×3 I 3×3
153.5 153.5 −153.5
A = 03×3 03×3 , B u = −153.5
,
36.9 −37.1 36.9 −37.1
−1.8

Bw = [ 0

T
0 0 1 1 1]

−1.8

1.8

, C = I6×6 ,

u(t) = Kx(t),

(9)

(3)

and for hovering, trim states are
p = q = r = 0,

where x ∈ Rnx , y ∈ Rny , z ∈ Rnz are the state vector,
the measured output vector, and the output vector of interest,
respectively. Variables w ∈ Rnw and u ∈ Rnu are the
disturbances and the control vectors, respectively.
We are interested in designing a full state feedback H2
optimal controller for the system in Eq. 8, i.e.,

1.8

(7)

where u is four motor input (P W Mi , i = 1 ∼ 4).
III. C ONTROL
In this paper, we present a H2 optimal controller for our
proposed novel hybrid UAV. Our hybrid vehicle harnesses
the advantages of both fixed wing and rotor wing UAVs. We
consider the following linear system which models the error
dynamics about the trim points
ẋ(t) = Ax(t) + B w w(t) + B u u(t),

(8a)

z(t) = C z x(t) + D u u(t),

(8b)

y(t) = C y x(t),

(8c)

such that the closed loop system is stable and the effect of
the disturbance is attenuated to a desired level. We perform
a comparative study of the performance of the H2 optimal
control with that of the conventional PID control and the LQR,
when applied to our system. H2 control is expected to achieve
better control performance in presence of disturbances since it
incorporates the disturbance term B w inside the optimization
process. Now, we briefly discuss the three controllers.
A. PID controller
PID (Proportional-Integral-derivative) control is a modelfree control algorithm. A PID controller calculates an error
value as the difference between the desired set point and
measured point and then applies a correction based on a
proportional, integral, and derivative terms as
Z t
de(t)
(10)
u(t) = KP e(t) + Ki
e(t0 )dt0 + Kd
dt
0
Most UAV systems currently use the PID controller for attitude
control [13]. Feedback measurement or estimated Euler angles
and angular velocities [30] are compared with the desired
angle and angular velocity, respectively. The PID control
generates an input value to eliminate the error. PID control
framework for the attitude control is shown in Fig. 7. For
PID gain tuning, one can refer to [16], [17], [31] for a more
detailed analysis.

Fig. 7. Attitude control structure of UAVs using of PID control

2) ∃ a matrix W , a symmetric matrix Z, and a symmetric
matrix X such that:

B. LQR optimal control
The linear quadratic regulator (LQR) is a method used in
determining the state feedback controller u = K LQR x. This
controller is designed to minimize the cost function, J, defined
as
Z ∞
(xT Qx + uT Ru)dt
(11)
J=

AX + B u W + (AX + B u W )T + B w B Tw < 0


−Z C z X + D z W
<0
∗
−X
trace(Z) < γ 2

(16)

0

where Q ≥ 0 and R > 0 are symmetric weighting matrices.
These matrices are the main design parameters for defining the
the control objective so that the state error and control energy
is minimized. This cost function is solved with MATLAB
function lqr(). The LQR problem can be converted to the
LMI (Linear Matrix Inequality) form as given by the following
theorem.
Theorem 1 ( [32]): The following two statements are
equivalent:
1) A solution K LQR to the LQR controller exists.
2) ∃ a matrix Y , a symmetric matrix W , and a symmetric
matrix Y = P −1 such that:

The minimal attenuation level γ is determined by solving the
following optimization problem
min γ

subject to (16).

W ,X,Z

The H2 optimal control gain is recovered by K H2 = W X −1 .
This optimal gain ensures that the closed-loop system is
asymptotically stable and attenuates the disturbance. To solve
this optimization problem, we use CVX [33] and Matlab tool
box [34]. LQR and H2 control framework for the attitude
control is shown in Fig. 8.

AY + Y AT + W T B Tu + Bu W + Y QY + W T RW < 0
(12)
The optimal LQR control gain, K LQR , is determined by
solving the following optimization problem.
trace (P ) subject to (12).

C. H2 Optimal Control
With the linear system (8) and control law (9), the H2
control closed-loop has the following form,
ẋ(t) = (A + B u K)x(t) + B z w(t),

(13a)

z(t) = (C z + D u K)x(t),

(13b)

Therefore, the influence of the disturbance w on the output
z is determined in frequency domain as z = Gzw (s)w(s)
where Gzw (s) is the transfer function from the disturbance w
to the output z given by

IV. R ESULTS
A. Simulation set up
The proposed H2 optimal control is applied to attitude
control of the linearized dynamics of our UAV as modeled by
Eq. 5. We compare its performance with the PID controller and
LQR. The comparison is done with respect to the control input,
system response, and the amount of wind disturbance rejection, in a Simulink based simulation environment, as shown in
Fig. 10. In this simulation, the Dryden wind turbulence model
was used to generate the wind disturbance. The generated wind
disturbance is 10 m/s from north. Angular velocity components
of the wind along X and Y axes are shown in Fig. 9. The
0.3
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0.2

0.2

Wind velocity (rad/s)

The gain K LQR is recovered by K LQR = W Y −1 .
This optimal gain minimizes the cost function (11). To solve
this optimized solution, we used CVX [33] and MATLAB tool
box [34].

Wind velocity (rad/s)

min

P ,W ,Y

Fig. 8. Attitude control structure of UAVs using LQR and H2 controller
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The problem of H2 optimal control design is then, given a
system (14) and a positive scalar γ, find a matrix K = K H2
such that
kGzw (s)k2 < γ.

(15)

where kG(.)k2 is the corresponding 2-norm of the system. The
formulation to obtain K H2 is given by the following theorem.
Theorem 2 ( [32], [35], [36]): The following two statements
are equivalent:
1) A solution K H2 to the H2 controller exists.
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Fig. 9. Angular velocity component of wind disturbance about the X (Left)
and Y (Right) axis generated by the Dryden wind turbulence model in the
Simulink software.

final simulation environment which includes the UAV system,
controller, and disturbance model is shown in Fig. 10.
We simulated two cases: Case I – Level flight (Longitudinal
motion) which considers parameters in Eq. (6) for level flight
trim states in Eq. (3). Input of the system is deflection angle of
elevon surface and measurement is angular velocity q. Initial
deviation of angular velocity about Y axis in body frame p, is
0.5 rad/sec. Case II– Hover flight which consider parameters

RMS error compared to the other controllers, as shown in
TABLE IV, especially in yaw angle (ψ). The time response
of proposed H2 control is comparable with one from the PID
controller and LQR. Here, note that H2 is implicitly a better
algorithm to deal with disturbance since it include disturbance
as a design factor.

Fig. 10. 6-DOF non-linear simulation of the hybrid UAV with disturbance
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Fig. 12. Error comparison of LQR, PID, and H2 control with wind
disturbance in Hover flight
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We examine the performance of the H2 control by comparing it with that of the PID controller and LQR in terms of root
mean squared (RMS) error and time response.
Case I: Level flight – The simulation results for the
proposed H2 control, the PID, and the LQR are shown in Fig.
11 and TABLE III. The proposed H2 control has the least
RMS error than the other controllers, as shown in TABLE III.
The time response and overshoot of H2 control is noted to be
shorter than one of the PID controller and the LQR.
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B. Simulation results
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Theta
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in Eq. (7) for hover at trim states in Eq. (4). Input to the
system is the PWM signals of four motors and, measurement
are all state, Euler angle and angular velocity. Initial deviation
of pitch angle θ, is 10◦ .
LQR (12), PID (10), and H2 (16) controllers are designed
with these two linearized systems and then tested in the nonlinear model in Fig 10.
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Fig. 13. Input comparison of LQR, PID, and H2 control with wind
disturbance in hover flight
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TABLE IV
RMS ERROR FOR THE HOVER FLIGHT: C ASE II.
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LQR
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1.3169

5.7745

H2
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0.4370
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Fig. 11. Error comparison of LQR, PID, and H2 control with wind
disturbance in level flight

TABLE III
RMS ERROR FOR LEVEL FLIGHT: C ASE I.
Algorithm

LQR

P ID

H2

q (rad/sec)

0.0573

0.0859

0.0457

Case II: Hover flight – The simulation results for the
proposed H2 control, PID, and the LQR are shown in Fig.
12 and TABLE IV. The proposed H2 control has the least

V. C ONCLUSION
This paper presents an approach to design a vertical takeoff and landing hybrid UAV. We elaborately describe its
modeling and controller design that will make it robust to
wind disturbances. We discuss methods that rapidly implements the modeling of our proposed hybrid UAV satisfying
the requirements with sufficient accuracy. We also propose

a robust controller based on H2 optimal theory for our
hybrid UAV. This controller achieves better performance while
rejecting wind gusts compared to that of the PID and the LQR
controller. For the future work, discrete time system of UAV
will be developed and tested in physical UAV model.
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